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Motivation 

Ø Fundamental Science 

Ø Hadron therapy of cancer 

Ø Collisions of particular interest to ITER 

Ø Charge exchange reactions of particular interest to X-ray observatories 
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                                ↗      PZ+ +H*
PZ+ +H(1s) →      Ψα

+  →   PZ+ + e− + p

                                ↘     PZ+ + e−( ) + p

Close coupling scheme  
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the calculations are given in section 3 and our results are
presented in section 4. Finally, in section 5 we highlight the
main findings and draw conclusions from this work.

2. Two-center QM-CCC method in impact parameter
representation

2.1. Momentum-space integral equations

Consider a system of three particles: incident (α) and target
(β) protons, and an electron (e). Index α will denote a
quantum state in a channel where particle α of momentum Bk
is incident on a bound state of the pair of particles β and e.
Index β will be reserved for the rearrangement channel after
electron capture. Index e will be used for the channel where
all three particles are free. The latter also denotes a pair of
particles α and β (two protons). The total three-body scat-
tering wavefunction at energy E is a solution to the fully
quantum-mechanical Schrödinger equation

( ) ( )� : �H E 0, 1

with the outgoing-wave boundary conditions. The full three-
body Hamiltonian is

( )� � � � w �B CH H v v v H v, 20 e 0

where H0 is the free three-particle Hamiltonian, and vi is the
Coulomb interaction between particles of pair i ( B C�i , , e).
The total Hamiltonian can also be expressed in the following
way

( )� � �H
H

H
HH H

k

M
V

2
, 3

2

where HH is the Hamiltonian of the bound pair in channel γ
and � �H HV v v is the interaction potential of the free particle
with the bound system in channel γ (H B C� , ).

We emphasize that equation (1) and its solution Ψ are
exact. The standard approach in theory of ion–atom collisions
so far has been based on the approximate TDSE that follows
from (1) in the semiclassical approximation [1]. This
approximation breaks the connection between the kinetic-
energy operator of the relative motion of the heavy fragments
and the internuclear potential considering them as indepen-
dent quantities. For this reason, the solution of the resulting
semiclassical TDSE then gives only the electronic part of the
scattering wavefunction while the relative motion of the
heavy particles are described by a simple plane wave of
constant momentum. In this work we develop a quantum-
mechanical method based on the exact equation and exact
solution which incorporate the full dynamics of all partici-
pating particles, including the heavy ones.

As in positron-hydrogen scattering [63] we expand the
total wavefunction Ψ according to

( ) ( ) ( ) ( )
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where ZB and ZC are the target and projectile pseudostates, BN
and CN are the numbers of basis functions on the target and
projectile centers, BF and CF are the associated weight
functions. The Jakobi variable ri is the relative position of
particles in pair i and Si is the positions of particle i relative to
the center of mass of pair i ( B C�i , , e) (see figure 1). The
pseudostates satisfy the following conditions

∣ ∣ ∣ ( )Z Z E Z Z E F� § � � § �B B BB B B B BB Ba a a aH, 5

and

∣ ∣ ∣ ( )Z Z E Z Z E F� § � � § �C C C C C C C C C Ca a a aH, , 6

where FB and FC are the pseudostate energies.
Substituting the expansion (4) into equation (1) accord-

ing to the Bubnov–Galerkin principle [64] we require the
result to be orthogonal to all ( � y �B Cf N N1, , ) basis states

∣( ) ( )�Z Z� � �
SH

H H

�B C

H E F 0. 7f

N N

f

In this equation index Sf denotes integration over all variables
except Sf , i.e. the result of the integration is a function of Sf .
Now taking into account conditions (5) and (6) we can write
equation (7) in the following form:
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where Mf is the reduced mass of the two fragments in channel
f with (�B B CM m m ) (� Bm me )� �Cm me , �C CM m
( ) (�B Bm m me )� �Cm me and ( )� �B CM m m me e
( �Bm )�Cm me . Since proton-hydrogen scattering represents
a symmetric rearrangement problem N� wB CM M , which
will be used below. The potential operators HUf are given by

( )
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The condition imposed above in equation (8) is a system of
integro-differential equations for unknown weight functions

( )SHHF . These functions carry information on the scattering
amplitudes. We transform these equations for the weight
functions to a set of coupled effective two-body Lippmann–
Schwinger-type integral equations for transition ampli-
tudes HTf .

By defining the effective two-body free Greenʼs function
in the intermediate channel γ
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2-centre CCC the calculations are given in section 3 and our results are
presented in section 4. Finally, in section 5 we highlight the
main findings and draw conclusions from this work.

2. Two-center QM-CCC method in impact parameter
representation

2.1. Momentum-space integral equations

Consider a system of three particles: incident (α) and target
(β) protons, and an electron (e). Index α will denote a
quantum state in a channel where particle α of momentum Bk
is incident on a bound state of the pair of particles β and e.
Index β will be reserved for the rearrangement channel after
electron capture. Index e will be used for the channel where
all three particles are free. The latter also denotes a pair of
particles α and β (two protons). The total three-body scat-
tering wavefunction at energy E is a solution to the fully
quantum-mechanical Schrödinger equation

( ) ( )� : �H E 0, 1

with the outgoing-wave boundary conditions. The full three-
body Hamiltonian is

( )� � � � w �B CH H v v v H v, 20 e 0

where H0 is the free three-particle Hamiltonian, and vi is the
Coulomb interaction between particles of pair i ( B C�i , , e).
The total Hamiltonian can also be expressed in the following
way
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where HH is the Hamiltonian of the bound pair in channel γ
and � �H HV v v is the interaction potential of the free particle
with the bound system in channel γ (H B C� , ).

We emphasize that equation (1) and its solution Ψ are
exact. The standard approach in theory of ion–atom collisions
so far has been based on the approximate TDSE that follows
from (1) in the semiclassical approximation [1]. This
approximation breaks the connection between the kinetic-
energy operator of the relative motion of the heavy fragments
and the internuclear potential considering them as indepen-
dent quantities. For this reason, the solution of the resulting
semiclassical TDSE then gives only the electronic part of the
scattering wavefunction while the relative motion of the
heavy particles are described by a simple plane wave of
constant momentum. In this work we develop a quantum-
mechanical method based on the exact equation and exact
solution which incorporate the full dynamics of all partici-
pating particles, including the heavy ones.

As in positron-hydrogen scattering [63] we expand the
total wavefunction Ψ according to
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where ZB and ZC are the target and projectile pseudostates, BN
and CN are the numbers of basis functions on the target and
projectile centers, BF and CF are the associated weight
functions. The Jakobi variable ri is the relative position of
particles in pair i and Si is the positions of particle i relative to
the center of mass of pair i ( B C�i , , e) (see figure 1). The
pseudostates satisfy the following conditions
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where FB and FC are the pseudostate energies.
Substituting the expansion (4) into equation (1) accord-
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The condition imposed above in equation (8) is a system of
integro-differential equations for unknown weight functions

( )SHHF . These functions carry information on the scattering
amplitudes. We transform these equations for the weight
functions to a set of coupled effective two-body Lippmann–
Schwinger-type integral equations for transition ampli-
tudes HTf .
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1-centre CCC 

 PZ+ +H(1s)→      Ψ
α
+  →    PZ+ +H*

                                 ↘    
                                       PZ+ +e− +p



Two-center QM CCC approach 
 
Ø  Schrödinger Eq: 

Ø  Two-centre expansion: 

 
Ø  Require our expansion to satisfy the SE: 

Ø  Project this on each pseudostate Bubnov-Galerkin principle) 

(H − E)Ψ = 0
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Two-center QM CCC approach 

  
Tfi (kf ,ki ,b) =Vfi (kf ,ki ,b)+

ki

π
dk

−∞

∞

∫
n=1

NA+NB

∑ Vfn(kf ,k,b)Tni (k,ki ,b)
kn

2 − k 2 + i0

 
Ø  Lippmann-Schwinger integral equations for the T-matrix in the impact-parameter sp. 

Traditional 
approaches 

Too many matrix 
elements calculated 

Linear equations of 
enormous size 

Discretization of 
integration variable 

•  We used this for antiproton scattering on H, He 
•  Calculations were slow. Much slower than semi-

classical 
•  Can we do the off-shell integration analytically? 

Details:  
IB Abdurakhmanov et al. 2011 Phys. Rev. A 84 062708 
IB Abdurakhmanov et al. 2011 J. Phys. B 44 165203 
IB Abdurakhmanov et al. 2011 J. Phys. B 44 075204 

kf, ki , k are parallel 
components of 
momentum 



Alternative approach 

Ø  Off-shell momentum dependent parts of V and T are factored out  

 
Vfi (k f ,ki ) = dz

−∞

∞

∫ V fi (z)exp(i(ki − k f )z)
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New scattering equations: 

 
T fi (z) =V fi (z)− i

ki
knn=1

NA+NB

∑ ei(kn−k f )zV fn (z) d ′z
−∞

z

∫ ei(ki−kn ) ′z T ni ( ′z )

  Solving strategy: 

Initialize using  

 

V fi (−∞) = 0

T fi (−∞) = 0

Propagate  solution using 
some integration rule  

Finish at 
sufficiently large z 

Details: Abdurakhmanov et al., J Phys B 49 (2016) 115203 
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2

,       σ ion = σ f
f∈[εf ≥0]
∑Cross sections: 

 



p-H ionisation: which theory is correct? 
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Electron capture and ionisation in p-H 

2-centre QM-CCC with Laguerre pseudostates:  
Abdurakhmanov et al., J Phys B 49 (2016) 115203 

Convergence in terms of max  Convergence in terms of Nmax  



Electron capture and ionisation in p-H 
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Electron loss in p-H 
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Level of convergence: 
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CCC(507,0)       0.4 % 
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Net error < 0.5 % 
 
So, 20% difference is  
impossible 



Semi-classical CCC approach 

  

A lab frame: the origin at the target,  z-axis !  "v  and x-axis !  
"
b

Projectile position   
"
R(t) =

"
b +
"
Z =
"
b + "vt

  

The w.f. is a solution to SC TDSE 

i ∂Ψ(
!r ,t)

∂t
= (HT +VP )Ψ(

!r ,t)

 

R

 
vt

 

b

y
z

x

 
r1

 
r2

Expand in terms of target and projectile-centered pseudostates: 

Details of SC-CCC: Avazbaev et al, Phys Rev A 93 (2016) 022710 



Ø  Coulomb wave functions φκl(r) : 
 
       no finite normalization     à   not suitable for scattering calculations 
 
Ø  Continuum is subdivided into non-overlapping intervals [Εi-1,Εi]i=1

N 

 

Ø  Stationary wave packets: 
 
 
 
Ø  They are orthonormal:  
 
Ø  The state energy is the middle point of the bin:  

  
ψ il (r ) = 1

wi

dκϕκ l (r )
κ i−1

κ i

∫

 ψ il ψ jl = δ ij

  
ψ il H ψ jl = ε iδ ij ,   ε i =

Ei−1 +Ei

2

Wave-packet continuum discretisation 



Wave-packet continuum discretization 
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•  Aligned energy levels 
•  Full control over continuum range 

[0:Emax] 
•  Overlap with Coulomb is just: 

Cons: 
•  Larger radial grid required 
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The electronic scattering wave function Ψ [see Eqs. (1)
and (3)] is a part of the total scattering wave function
Ψ+

i . As already mentioned our approach is based on the
expansion of Ψ in terms of a set of N square-integrable
pseudostates ψα. With these we form a projection oper-
ator

IN =
N
∑

α=1

|ψWP
α 〉〈ψWP

α |. (19)

Inserting this relation into Eq. (18) we get

Tfi(qf , qi) ≈〈Φ−

f I
N |
←−
H − E|INΨ+

i 〉

=〈qfψfI
N |V |INΨ+

i 〉
=〈ψf |ψWP

f 〉〈qfψWP
f |V |INΨ+

i 〉

≡〈ψf |ψWP
f 〉TN

fi (qf , qi), (20)

where qf is the momentum of the scattered projectile
and ψf is any given state from the full set of the tar-
get eigenstates {ψnlm,ψ−

κ }. Here ψ−
κ is the pure incom-

ing Coulomb wave representing the continuum state of
the ejected electron with the momentum κ. In deriving
Eq. (20) we took into account that the action of the op-
erator IN leads to limiting of the target subspace by re-
placing the full set of the H states (including non-L2 con-
tinuum) with a set of L2 states. This effectively screens
the Coulomb interaction between the projectile and tar-
get constituents even in the continuum. We also used the
relation that 〈ψf |ψWP

α 〉 = δfα〈ψf |ψWP
f 〉 as by construc-

tion we take εf = εWP
f for each target orbital angular

momentum l.
We note that when ψf = ψnlm amplitude TN

fi (qf , qi)
converges to the exact scattering amplitude Tfi(qf , qi)
for excitation of the final nlm state as N → ∞. At
the same time when ψf = ψ−

κ amplitude TN
fi (qf , qi) con-

verges to

T̃κi(qf , qi) = 〈qfψ−
κ |V |Ψ+

i 〉, (21)

rather than to the exact amplitude of Eq. (18) for
breakup. However, it has been demonstrated in [66]
that in this case the only difference between the exact
amplitude of Eq. (18) and much simpler approximate
ionization amplitude of Eq. (21) is a phase factor, i.e.
|T (qf , qi)| = |T̃(qf , qi)|. Therefore, for the purpose of
calculating cross sections it is sufficient to know only
magnitude of TN

fi (qf , qi) for sufficiently large N .
Thus both excitation and ionization amplitudes are

obtained upon calculation of transition matrix elements
TN
fi (qf , qi) which are related to the impact-parameter

space transition probability amplitudes as follows [67]

TN
fi (qf , qi) =

1

2π

∫

dbeip⊥b[af (∞, b)− δfi]

=eim(ϕf+π/2)

∫ ∞

0
dbb[ãf (∞, b)− δfi]Jm(p⊥b),

(22)

where p = qi − qf and ãf (t, b) = eimφbaf (t, b).
When ψf = ψnlm we have

〈ψnlm|ψWP
f 〉 = 1 (23)

by construction. When ψf = ψ−
κ after partial wave ex-

pansion of the 3-dimensional Coulomb wave we easily get

〈ψ−
κ |ψWP

f 〉 =
√

2

π
(−i)leiσlbnl(κ)Ylm(κ̂), (24)

where bnl(κ) is defined as

bnl(κ) =

∫ ∞

0
drϕκl(r)ϕ

WP
nl (r) =

1
√
wn

, (25)

and σl is the Coulomb phase shift. With this it is possible
to further simplify Eq. (20) to get

Tκi(qf , qi) =
lmax
∑

l=0

l
∑

m=−l

(−i)leiσlYlm(κ̂)TN
nlm i(qf , qi)

2πκ
√
wn

.

(26)

Index n in Eqs. (24) - (26) corresponds to the bin with
κ = κn =

√
2En.

The most detailed observable, the triply differential
cross section (TDCS), can be directly calculated using
the ionization amplitude defined in the Eq. (26) as

d3σ(κ, qf , qi)

dEdΩedΩf
= µ2 qfκ

qi
|Tκi(qf , qi)|2, (27)

where µ is the reduced mass of the projectile-target sys-
tem. This cross section is for the electron being ejected
into the solid angle dΩe with the energy in the range E
to E + dE, where E = κ2/2, when the projectile is in-
cident along the quantization axis z (qi ‖ z) and further
scattered into the solid angle dΩf .

Two types of doubly-differential cross sections (DDCS)
are usually used. The first one can be obtained by inte-
grating the TDCS over the spherical coordinates of the
scattered projectile:

d2σ(κ, qf , qi)

dEdΩe
=

∫

d3σ(κ, qf , qi)

dEdΩedΩf
dΩf

=
µ2

2πq2i κwn

lmax
∑

l=0

l
∑

l′=0

l′
∑

m=−l′

2

1 + δl′l

× Ylm(κ̂)Y ∗
l′m(κ̂)Re

[

(−i)l−l′ei(σl−σl′ )

×
∫ ∞

0
dbbãnlm(∞, b)ã∗nl′m(∞, b)

]

,

(28)

where we assumed
∫

dΩf =
1

qfqi

∫ 2π

0
dϕf

∫ ∞

0
dp⊥p⊥



Breakup amplitude including ECC 

o  Ionization amplitude can be written as 

                   is a three-body Coulomb asymptotic state. 
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TABLE I. Energies (eV) of selected bound states of the helium
atom. The present results are compared with the energies of
the frozen-core Laguerre pseudostates (LPS) [36] and the data
derived from optical spectra by Moore [37].

state present LPS [36] Moore [37]
1s -23.7416 -23.74139 -24.5862
2s -3.9035 -3.90343 -3.97155
3s -1.6483 -1.64828 -1.66705
2p -3.3307 -3.33198 -3.36931
3p -1.48847 -1.48950 -1.50035
3d -1.51024 -1.51150 -1.51329

The bound states are found by utilizing a standard shoot-
ing method by requiring the continuity of Rα(r) and
dRα(r)/dr at r0, where

l(l+ 1)

r2
−

4

r
+ 2W0[R

He+

1s , RHe+

1s ] = 0. (18)

For the continuum states, Rα(r) is matched to the
Coulomb function at large r, which is also used to de-
rive the continuum phase shift ηl. In the final step, the
active-electron wave functions are normalized to satisfy

〈Rα′ |Rα〉 = δα′α (19)

for bound states (εα < 0) and

〈Rα′ |Rα〉 = δ(κα′ − κα) (20)

for the continuum states (εα > 0).
Table I lists the results for the ionization potential of

the selected helium bound states obtained by applying
the Numerov method described above. The present re-
sults are compared with the corresponding energy lev-
els of the frozen-core Laguerre pseudostates constructed
from a basis of size 20 − l and fall-off parameter λl = 1
for l = 0− 2, respectively. Also given are the benchmark
results of Moore [37] derived from an analysis of optical
spectra. At least a three-digit agreement is observed be-
tween the present results and the energy levels of the
frozen-core Laguerre pseudostates. The derivation of
bound states with higher energies requires a longer radial
range in the solution of Eq. (16). According to [36], bet-
ter agreement with the results of Moore [37] was achieved
when relaxing a frozen-core approximation.
Unlike bound states, which only exist at discrete lev-

els of the target energy spectrum, continuum states can
be generated by solving Eq. (16) for arbitrary electron
ejection energies. This greatly simplifies calculations of
differential ionization cross sections in the first Born ap-
proximation. However, the nonnormalizable nature of
the He continuum wave function makes it inapplicable
for close-coupling scattering models.
To overcome this problem while keeping the flexibility

of generating a state for arbitrary continuum energies, we
use the wavepacket continuum-discretization approach,
which was recently applied to describe the structure of

atomic hydrogen [12]. To construct normalizable wave
packets, we first take the continuous spectrum of the ac-
tive electron with some maximum value of energy Emax

and then divide the entire interval [0, Emax] into Nc non-
overlapping intervals (discretization bins) [Ei−1, Ei]Nc

i=1
with E0 = 0 and ENc

= Emax. To obtain converged cross
sections, Emax and Nc must be sufficiently large. Every
such energy bin corresponds to the interval [κi−1,κi] in
momentum space, where κi =

√
2Ei. The wave packet

(WP) corresponding to each of the bins is built from the
following integral of the continuum function (which is the
solution of Eq. (16)):

RWP
il (r) = νil

∫ κi

κi−1

dκRκl(r), (21)

where νil is the normalization coefficient. Then the wave-
packet based on two-electron helium wave functions is
written as

ψWP
α (r1, r2) =φ

He+

1s (r2)R
WP
nαlα(r1)Ylαmα(r̂1)

+ φHe+

1s (r1)R
WP
nαlα(r2)Ylαmα(r̂2). (22)

From the normalization condition

〈ψWP
α |ψWP

α 〉 = 1, (23)

one finds that

νnαlα =
[

2
(

〈RWP
nαlα |R

WP
nαlα〉+ δlα0δmα0〈RWP

nαlα |R
He+

1s 〉
)]−1/2

.

(24)

For atomic hydrogen, these normalization coefficients
were directly related to the width of the ith bin [12].
In addition, condition (20) ensures the orthogonality of
the wave-packet pseudostates,

〈ψWP
α |ψWP

α 〉 = δα′α. (25)

Nc wave-packet pseudostates representing the [0, Emax]
region of the active electron continuum, together with Nb

bound states, form a practically complete set of pseudo-
states for a particular angular momentum l, provided
Nc and Nb are sufficiently large. Including other an-
gular momenta, the total number of channels becomes
N =

∑lmax

l=0 (2l + 1)(Nb − l + Nc), where lmax is the
maximum allowed angular momentum. The number of
negative- and positive-energy states is increased until ad-
equate convergence is achieved in the predicted cross sec-
tions that we are interested in.

B. Scattering amplitudes

The full scattering amplitude can be calculated from
the scattering wave function Ψ+

i according to [38, 39]

Tfi(qf , qi) = 〈Φ−
f |
←−
H − E|Ψ+

i 〉, (26)
Details:  
Kadyrov etal, Phys Rev Lett 101 (2008) 230405 
Kadyrov et al., Ann Phys 324 (2009) 1516 
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where qf and qi are the momenta of the scattered and in-
cident projectile, respectively, Φ−

f is the asymptotic wave
function describing the final state, and the arrow over
the four-body Hamiltonian operator H indicates the di-
rection of its action. As discussed in [12], scattering
amplitudes for the transitions into bound states of the
target are directly defined by the transition amplitudes
TN
fi (qf , qi), whereas the scattering amplitude for ioniza-

tion of the active electron with momentum κ contains
the overlap between the two-electron wave packet ψWP

f
and the active electron’s continuum functions ϕf defined
in (15). Accordingly, the ionization amplitude is written
as

Tκi(qf , qi) =〈ϕf |ψWP
f 〉TN

fi (qf , qi)

=
lmax
∑

l=0

l
∑

m=−l

(−i)leiσlYlm(κ̂)TN
nlm i(qf , qi)

2πκ
√
wn

,

(27)

where the index n corresponds to the bin with width
wn and κ = κn =

√
2En. Consequently, both excitation

and ionization amplitudes are obtained upon calculation
of the transition matrix elements TN

fi (qf , qi), which are
related to the impact-parameter space transition proba-
bility amplitudes through [40]

TN
fi (qf , qi) =

1

2π

∫

dbeip⊥b[af (∞, b)− δfi]

=eim(ϕf+π/2)

∫ ∞

0
dbb[ãf (∞, b)− δfi]Jm(p⊥b),

(28)

where p = qi − qf and ãf (t, b) = eimφbaf (t, b). The
required impact-parameter space transition probability
amplitudes themselves are obtained by solving the system
of differential equations (8) using standard Runge-Kutta
routines. Depending on the type of the pseudostates uti-
lized, the matrix elements in Eq. (8) are calculated using
the strategy that works best for that particular case. For
Laguerre pseudostates the calculation strategy for the
matrix elements is described in [36]. With the proposed
wavepacket pseudostates, they are calculated using the
expression

〈ψα|V |ψβ〉 =2X [ϕα,ϕβ ] + 2〈φHe+

1s |ϕβ〉X [ϕα,φ
He+

1s ]

+ 2〈ϕα|φHe+

1s 〉X [φHe+

1s ,ϕβ ]

+ 2〈ϕα|ϕβ〉X [φHe+

1s ,φHe+

1s ], (29)

where

X [f, g] =

∫

drf(r)

(

−
1

R
+

1

|R− r|

)

g(r) (30)

is the one-electron transition matrix element similar to
that emerging in the formulation of antiproton-hydrogen
collisions. Details of X [f, g] are given in [41].
Once the scattering amplitudes have been obtained,

various differential and integrated cross sections can be
calculated as described in [12].

III. DETAILS OF CALCULATIONS

In this section we provide some details of our anti-
proton-helium calculations. As mentioned earlier, the
present calculations are based on the frozen-core approx-
imation to the helium target. Consequently, any of the
target states considered can be characterized with a set
of only three quantum numbers {n, l,m} representing the
active electron. The strategy used for convergence stud-
ies of the final results, therefore, can be the same as that
used for antiproton-hydrogen collisions [12], where the
target states were also described by the same set of quan-
tum numbers.
Several parameters associated with the target and the

projectile need to be investigated to establish the con-
vergence of the predictions. Parameters characterizing
the active electron of the target, such as the maximum
allowed orbital quantum number lmax, the number of
bound (negative-energy) eigenstates Nb − l, the maxi-
mum energy Emax of the active electron continuum cov-
ered by wavepacket bins, and the number of bins within
this interval Nc, define the overall target structure. Each
of these parameters is systematically increased while fix-
ing the others at sufficiently large values. This procedure
is continued until the parameter-dependent variation of
the results is reduced to a level of less than one percent.
For antiproton-helium collisions at intermediate and high
energies, this was achieved with lmax = 7, Nb = 10 − l,
Emax = 400 eV and Nc = 30.
With the above parameters, the total number of target

states in the present calculations was N =
∑lmax

l=0 (Nb +
Nc − l)(2l + 1) = 2112 at all antiproton energies con-
sidered. This number also defines the size of the system
of coupled differential equations (8). Another parame-
ter that determines the accuracy of the target structure
calculations is the number of quadrature points for in-
tegration within each bin. It was chosen depending on
the width of the bin. Typically, at least 40 points were
used for the small bins, and the number of points was
increased for larger bins as required.
The target-structure parameters, which produced con-

verged results for antiproton-impact single ionization of
helium, also yield converged results for the proton im-
pact at 1 MeV incident energy considered in this work.
At this impact energy, electron-capture channels associ-
ated with proton projectiles are negligible compared to
the direct ionization channel. Hence the single-center
close-coupling approach developed here is adequate.
Apart from establishing convergence of the final results

with respect to the target-structure parameters, we also
validated our code by switching off the coupling between
the discretized channels. We obtained excellent agree-
ment with the first-Born results calculated in the full
treatment. Unlike in the case of proton or antiproton im-
pact ionization of hydrogen, for the helium target there is
no closed analytical expression for the ionization ampli-
tude. However, it is possible to numerically calculate the
wave version of the first Born amplitude in the helium

    

T post = Φ0
−

H −EΨ i

+ ≈ 〈Φ0
−(IN

T + IM
P ) |

H −E |(IN

T + IM
P )Ψ i

+ 〉

       ≡ 〈Φ0
−IN

T |

H −E |Ψ i

NM+ 〉 + 〈Φ0
−IM

P |

H −E |Ψ i

NM+ 〉

Thus the breakup amplitude splits into two: 
direct ionisation (DI) and electron capture to continuum (ECC) 

TT =

qf ,ψ 

k
T IN


H −E( )Ψ i

NM+ = ψ 
k
T φf

T Tfi
T     for    k 2 / 2 = ε f

T P =

qf ,ψ 

p
P IP


H −E( )Ψ i

NM+ = ψ 
p
P φf

P Tfi
T     for    p2 / 2 = ε f

where ψ 
k
T  and ψ 

p
P  are the continuum states of target and projectile. 

  
IN
T = φn

T

n=1

N

∑ φn
T

  
IM

P = φm
P

m=1

M

∑ φm
P
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The Convergent Close Coupling Method 

•  A two-center convergent close coupling (CCC) method is used for the calculation of 
differential cross sections in the proton-hydrogen scattering problem. Eigenstates are used for 
bound states and wave packets are used for continuum states of the target and projectile. 

•  Differential cross sections for electron capture to bound states, excitation to the n = 2 level, 
and elastic scattering as a function of proton scattering angle have been calculated and are in 
excellent agreement with experiment. 

•  In the case of differential ionisation two distinct amplitudes arise. One representing direct 
ionisation of the target and the other representing electron capture to the continuum. The 
question is then should the amplitudes be combined coherently (COH) or incoherently (INC)? 

•  The COH and INC double differential cross section for a specific ejected electron energy as a 
function of proton scattering angle is calculated. Good agreement with experiment is obtained. 
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•  The number of eigenstates and wave packets are increased until 
calculations are converged. 

•  Wave packages are very advantageous for calculating differential 
cross sections as they give us great flexibility in how we distribute 
the states. They are also aligned for all orbital angular momentum. 

•  The electronic part of the total scattering wave function is expanded in terms of a complete 
set of target and projectile pseudostates 

•  Eigenstates are used for the bound states and wave packets are used for continuum states.  
•  Wave packets are constructed from Coulomb wave functions 

time-dependent expansion coefficients 

projectile pseudostates 

Results 
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FIG 4: Double differential cross section for electrons ejected 
with energy of (a) 16.4 eV, (b) 26.4 eV, (c) 36.4 eV, and (d) 39.4 
eV as a function of proton scattering angle. CCC calculations 
compared to theory of Walters and Whelan [4] and experiment 
by Schultz et al. [5]. 

target pseudostates 

•  Substitution of the wave function into the time-dependent Schrödinger equation leads to a set 
of coupled-channel differential equations for the time-dependent expansion coefficients. 

•  For all calculations a total of 1110 states are used (555 on each center). 20 – l continuum 
states and 5 – l bound states for each orbital angular momentum with a maximum l = 4. 

•  Orbital angular momentum is increased systematically until convergent results are achieved. 
•  In figure 1 we present the angular differential cross section for capture to all bound states of 

the projectile. Excellent agreement with the experiment of Martin et al. [1] is obtained. 
•  In figure 2 we present the angular differential cross section for excitation of the target to the  

n = 2 level. This includes the 2s, 2p-1, 2p0, and 2p+1 states. Excellent agreement with the 
experiment of Park et al. [2] is obtained. 

•  In figure 3 we present the angular differential cross section for elastic scattering. Again 
excellent agreement with the experiment of Rille et al. [3] is obtained. 

•  In figure 4 we present double differential cross sections for electrons ejected with energies of 
16.4 eV, 26.4 eV, 36.4 eV, and 39.4 eV as a function of proton scattering angle. The results 
of both a COH and INC combination of amplitudes is presented. Good agreement with other 
theoretical calculations of Walters and Whelan [4] and the experiment of Schultz et al. [5] is 
obtained. 

FIG 1: Angular differential cross section for electron capture to bound states at incident energies of 
(a) 25 keV, (b) 60 keV, and (c) 125 keV. Experiment by Martin et al. [1] 

FIG 2: Angular differential cross section for excitation to the n = 2 level at incident energies of 
(a) 25 keV, (b) 60 keV, and (c) 125 keV. Experiment by Park et al. [2] 
 

FIG 3: Angular differential cross section for elastic scattering at incident energies of (a) 25 keV, 
(b) 40 keV, and (c) 60 keV. Experiment by Rille et al. [3] 
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Coulomb wave function 

1 of N non-overlapping and touching subintervals in interval [0,κmax]  
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•  To calculate the double differential cross section we need to determine the scattering 
amplitudes. These are related to the impact-parameter amplitudes via a Bessel transformation 
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•  Angular differential cross sections for transition to a specific final state are calculated by 
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•  Separate amplitudes arise for direct ionisation of the target or electron capture to the 
projectile continuum. The question is then do we combine the amplitudes coherently or 
incoherently when we calculate the double differential cross section? 

 

regular Bessel function direct scattering amplitudes 

rearrangement scattering amplitudes  

momentum transfer:  
contains scattering angle 

coherent combination of amplitudes 

incoherent combination of amplitudes proton scattering angle 

Ejected electron energy 
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Important: Must convert from 
projectile frame to target frame 

Tκ (q f ,qi ) =
(−i)l eiσ lYlm (κ̂ )Tnlm (q f ,qi )

2πκ wnm=− l

l

∑
l=0

lmax

∑ ,

Tnlm (q f ,qi ) = e
im(ϕ f +

π
2
)
dbbanlm (∞,b)

0

∞

∫ Jm (p⊥b).

o With wavepacket pseudostates it reduces to: 
  

 
 
        
      where 
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The Convergent Close Coupling Method 

•  A two-center convergent close coupling (CCC) method is used for the calculation of 
differential cross sections in the proton-hydrogen scattering problem. Eigenstates are used for 
bound states and wave packets are used for continuum states of the target and projectile. 

•  Differential cross sections for electron capture to bound states, excitation to the n = 2 level, 
and elastic scattering as a function of proton scattering angle have been calculated and are in 
excellent agreement with experiment. 

•  In the case of differential ionisation two distinct amplitudes arise. One representing direct 
ionisation of the target and the other representing electron capture to the continuum. The 
question is then should the amplitudes be combined coherently (COH) or incoherently (INC)? 

•  The COH and INC double differential cross section for a specific ejected electron energy as a 
function of proton scattering angle is calculated. Good agreement with experiment is obtained. 
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•  The number of eigenstates and wave packets are increased until 
calculations are converged. 

•  Wave packages are very advantageous for calculating differential 
cross sections as they give us great flexibility in how we distribute 
the states. They are also aligned for all orbital angular momentum. 

•  The electronic part of the total scattering wave function is expanded in terms of a complete 
set of target and projectile pseudostates 

•  Eigenstates are used for the bound states and wave packets are used for continuum states.  
•  Wave packets are constructed from Coulomb wave functions 

time-dependent expansion coefficients 

projectile pseudostates 

Results 
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FIG 4: Double differential cross section for electrons ejected 
with energy of (a) 16.4 eV, (b) 26.4 eV, (c) 36.4 eV, and (d) 39.4 
eV as a function of proton scattering angle. CCC calculations 
compared to theory of Walters and Whelan [4] and experiment 
by Schultz et al. [5]. 

target pseudostates 

•  Substitution of the wave function into the time-dependent Schrödinger equation leads to a set 
of coupled-channel differential equations for the time-dependent expansion coefficients. 

•  For all calculations a total of 1110 states are used (555 on each center). 20 – l continuum 
states and 5 – l bound states for each orbital angular momentum with a maximum l = 4. 

•  Orbital angular momentum is increased systematically until convergent results are achieved. 
•  In figure 1 we present the angular differential cross section for capture to all bound states of 

the projectile. Excellent agreement with the experiment of Martin et al. [1] is obtained. 
•  In figure 2 we present the angular differential cross section for excitation of the target to the  

n = 2 level. This includes the 2s, 2p-1, 2p0, and 2p+1 states. Excellent agreement with the 
experiment of Park et al. [2] is obtained. 

•  In figure 3 we present the angular differential cross section for elastic scattering. Again 
excellent agreement with the experiment of Rille et al. [3] is obtained. 

•  In figure 4 we present double differential cross sections for electrons ejected with energies of 
16.4 eV, 26.4 eV, 36.4 eV, and 39.4 eV as a function of proton scattering angle. The results 
of both a COH and INC combination of amplitudes is presented. Good agreement with other 
theoretical calculations of Walters and Whelan [4] and the experiment of Schultz et al. [5] is 
obtained. 

FIG 1: Angular differential cross section for electron capture to bound states at incident energies of 
(a) 25 keV, (b) 60 keV, and (c) 125 keV. Experiment by Martin et al. [1] 

FIG 2: Angular differential cross section for excitation to the n = 2 level at incident energies of 
(a) 25 keV, (b) 60 keV, and (c) 125 keV. Experiment by Park et al. [2] 
 

FIG 3: Angular differential cross section for elastic scattering at incident energies of (a) 25 keV, 
(b) 40 keV, and (c) 60 keV. Experiment by Rille et al. [3] 
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Coulomb wave function 

1 of N non-overlapping and touching subintervals in interval [0,κmax]  
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•  To calculate the double differential cross section we need to determine the scattering 
amplitudes. These are related to the impact-parameter amplitudes via a Bessel transformation 
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•  Angular differential cross sections for transition to a specific final state are calculated by 

4

d�(q
f

, q
i

)

d⌦

f

= (µv)

2
��
T

N

fi

(q
f

, q
i

)

��2
(4)

T

N,T

fi

(q
f

, q
i

) = e

im('
f

+⇡/2)

Z 1

0
[ã
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[ã

f

(1, b)� �

fi

] J

m

(p?b)bdb

T

N,T

fi

(q
f

, q
i

) = e

im('
f

+⇡/2)

Z 1

0
[ã
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[ã

f

(1, b)� �

fi

] J

m

(p?b)bdb

T

N,T

fi

(q
f

, q
i

) = e

im('
f

+⇡/2)

Z 1

0
[ã
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•  Separate amplitudes arise for direct ionisation of the target or electron capture to the 
projectile continuum. The question is then do we combine the amplitudes coherently or 
incoherently when we calculate the double differential cross section? 

 

regular Bessel function direct scattering amplitudes 

rearrangement scattering amplitudes  

momentum transfer:  
contains scattering angle 

coherent combination of amplitudes 

incoherent combination of amplitudes proton scattering angle 

Ejected electron energy 
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Important: Must convert from 
projectile frame to target frame 

p-H double differential ionization: 



Preliminary results: MCI + H 
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WP approach to He 
First attempt: frozen core approximation 

4

products of one-electron orbitals. The one-electron or-
bitals were composed of orthogonal Laguerre functions.
Two different approximations, frozen-core and multi-core
models of the helium target, were employed. In the
frozen-core approximation, one of the electrons was con-
fined to the 1s orbital. In addition to the bound states,
the model also generated a set of positive-energy pseudo-
states that simulate the contribution of the entire con-
tinuum. Similar to the case of atomic hydrogen [12] the
energies of the He continuum pseudostates for different
values of the angular momentum l are not aligned, and
there exist some difficulties with creating the desired en-
ergy distribution of the continuum pseudostates. Below
we will extend the ideas of the wave packet continuum-
discretization approach to the two-electron helium tar-
get, which will allow us to construct basis states with
arbitrary energies and distribution.

As shown in [12], the wavepacket continuum pseudo-
states for atomic hydrogen can be obtained by energy in-
tegration of the hydrogen continuum functions. For both
bound and continuum states of atomic hydrogen, the
Schrödinger equation has an analytical solution. Conse-
quently, it was significantly easier to implement the wave-
packet continuum-discretization approach for this target.
For the helium atom, on the other hand, the Schrödinger
equation needs to be solved numerically. As a first step,
we develop a wavepacket-based description of the helium
atom in the frozen-core approximation. Within this ap-
proximation and assuming that the total electronic spin
of He, S = 0, is conserved during the collision, the spatial
part of the target wave function is written as

ψα(r1, r2) = φHe+

1s (r2)ϕα(r1) + φHe+

1s (r1)ϕα(r2). (10)

Here we use a single set of quantum numbers, α, for
the target state, since only one electron can be excited.
The total wave function of He is anti-symmetric due to
the antisymmetric spin wave function of the singlet spin

state. Then the Schrödinger equation for He becomes

Htψα(r1, r2) = (εα + εHe+

1s )ψα(r1, r2), (11)

where εα is the state energy of the active electron and
εHe+
1s is the energy of the frozen electron, which corre-
sponds to the ground-state energy of He+, i.e. −2 a.u..
Substituting Eq. (10) into Eq. (11) and projecting onto

φHe+
1s , we obtain the following integro-differential equa-

tion for ϕα:

[
∇2

r1
− 2VH(r1) + 2εα

]
ϕα(r1)

+ 2εα
〈
φHe+

1s

∣∣ϕα

〉
φHe+

1s (r1)

+

〈
φHe+

1s

∣∣∣∣

[
∇2

r2
+

4

r2

]∣∣∣∣ϕα

〉

r1

φHe+

1s (r1)

− 2

〈
φHe+

1s

∣∣∣∣
1

|r1 − r2|

∣∣∣∣ϕα

〉

r1

φHe+

1s (r1) = 0, (12)

where

VH(r1) = −2/r1 +
〈
φHe+

1s

∣∣ 1

|r1 − r2|
∣∣φHe+

1s

〉
r1

(13)

is the Hartree potential for e − He+ scattering. For
negative-energy states of the active electron, the radial
and angular parts are separable according to

ϕα(r) = Rnl(r)Ylm(r̂). (14)

For positive-energy states, as

ϕα(r) ≡ ϕκ(r) =

√
2

π

∑

lm

il exp(−iηl)Rκl(r)Y
∗
lm(κ̂)Ylm(r̂),

(15)

where n, l, and m are the principal, orbital, and magnetic
quantum numbers of the state α, κ is the momentum of
the continuum state and ηl is the continuum phase shift.
For both negative and positive energies. Eq. (12)

reduces to the following one-dimensional integro-
differential equation for the radial function Rα(r):

d2Rα(r)

dr2
−
[
l(l + 1)

r2
− 4

r
+ 2W0[R

He+

1s , RHe+

1s ]− 2εα

]
Rα(r)

=

[
2

2l+ 1
Wl[R

He+

1s , Rα]− 2

∫ ∞

0
RHe+

1s (t)W0[R
He+

1s , RHe+

1s ]Rα(t)dt

]
RHe+

1s (r), (16)

where RHe+
1s (r) = 4

√
2 exp(−2r)r and

Wl[f, g] =
1

rl+1

∫ r

0
f(t)g(t)tldt+ rl

∫ ∞

r

f(t)g(t)

tl+1
dt.

(17)

Equation (16) is solved by iteration. The zero-order

approximation R(0)
α (r) is obtained by setting the right-

hand-side of Eq. (16) to zero. Subsequent approxima-
tions are derived using the previous-order approxima-
tions. At each iteration the linear inhomogeneous second-

order differential equation for R(i)
α (r) is solved by the Nu-

Then it is inserted into SE for helium atom: 
 
 
 
After some algebra this becomes: 
 
 
 
 
Solved by iterative Numerov. 
For continuum states  
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Htψα(r1, r2) = (εα + εHe+

1s )ψα(r1, r2), (11)

where εα is the state energy of the active electron and
εHe+
1s is the energy of the frozen electron, which corre-
sponds to the ground-state energy of He+, i.e. −2 a.u..
Substituting Eq. (10) into Eq. (11) and projecting onto

φHe+
1s , we obtain the following integro-differential equa-
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is the Hartree potential for e − He+ scattering. For
negative-energy states of the active electron, the radial
and angular parts are separable according to

ϕα(r) = Rnl(r)Ylm(r̂). (14)

For positive-energy states, as

ϕα(r) ≡ ϕκ(r) =

√
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∗
lm(κ̂)Ylm(r̂),

(15)

where n, l, and m are the principal, orbital, and magnetic
quantum numbers of the state α, κ is the momentum of
the continuum state and ηl is the continuum phase shift.
For both negative and positive energies. Eq. (12)
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1

rl+1

∫ r

0
f(t)g(t)tldt+ rl

∫ ∞

r

f(t)g(t)

tl+1
dt.

(17)

Equation (16) is solved by iteration. The zero-order

approximation R(0)
α (r) is obtained by setting the right-

hand-side of Eq. (16) to zero. Subsequent approxima-
tions are derived using the previous-order approxima-
tions. At each iteration the linear inhomogeneous second-

order differential equation for R(i)
α (r) is solved by the Nu-
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TABLE I. Energies (eV) of selected bound states of the helium
atom. The present results are compared with the energies of
the frozen-core Laguerre pseudostates (LPS) [36] and the data
derived from optical spectra by Moore [37].

state present LPS [36] Moore [37]
1s -23.7416 -23.74139 -24.5862
2s -3.9035 -3.90343 -3.97155
3s -1.6483 -1.64828 -1.66705
2p -3.3307 -3.33198 -3.36931
3p -1.48847 -1.48950 -1.50035
3d -1.51024 -1.51150 -1.51329

merov method. The iteration process is continued until

an accuracy
∣∣∣R(i+1)

α (r) −R(i)
α (r)

∣∣∣ < 10−5 is achieved for

each point in the r-grid. For the bound states of the
active electron (εα < 0), we require limr→∞ Rα(r) = 0.
The bound states are found by utilizing a standard shoot-
ing method by requiring the continuity of Rα(r) and
dRα(r)/dr at r0, where

l(l+ 1)

r2
− 4

r
+ 2W0[R

He+

1s , RHe+

1s ] = 0. (18)

For the continuum states, Rα(r) is matched to the
Coulomb function at large r, which is also used to de-
rive the continuum phase shift ηl. In the final step, the
active-electron wave functions are normalized to satisfy

〈Rα′ |Rα〉 = δα′α (19)

for bound states (εα < 0) and

〈Rα′ |Rα〉 = δ(κα′ − κα) (20)

for the continuum states (εα > 0).
Table I lists the results for the ionization potential of

the selected helium bound states obtained by applying
the Numerov method described above. The present re-
sults are compared with the corresponding energy lev-
els of the frozen-core Laguerre pseudostates constructed
from a basis of size 20 − l and fall-off parameter λl = 1
for l = 0− 2, respectively. Also given are the benchmark
results of Moore [37] derived from an analysis of optical
spectra. At least a three-digit agreement is observed be-
tween the present results and the energy levels of the
frozen-core Laguerre pseudostates. The derivation of
bound states with higher energies requires a longer radial
range in the solution of Eq. (16). According to [36], bet-
ter agreement with the results of Moore [37] was achieved
when relaxing a frozen-core approximation.
Unlike bound states, which only exist at discrete lev-

els of the target energy spectrum, continuum states can
be generated by solving Eq. (16) for arbitrary electron
ejection energies. This greatly simplifies calculations of
differential ionization cross sections in the first Born ap-
proximation. However, the nonnormalizable nature of
the He continuum wave function makes it inapplicable
for close-coupling scattering models.

To overcome this problem while keeping the flexibility
of generating a state for arbitrary continuum energies, we
use the wavepacket continuum-discretization approach,
which was recently applied to describe the structure of
atomic hydrogen [12]. To construct normalizable wave
packets, we first take the continuous spectrum of the ac-
tive electron with some maximum value of energy Emax

and then divide the entire interval [0, Emax] into Nc non-
overlapping intervals (discretization bins) [Ei−1, Ei]Nc

i=1
with E0 = 0 and ENc = Emax. To obtain converged cross
sections, Emax and Nc must be sufficiently large. Every
such energy bin corresponds to the interval [κi−1,κi] in
momentum space, where κi =

√
2Ei. The wave packet

(WP) corresponding to each of the bins is built from the
following integral of the continuum function (which is the
solution of Eq. (16)):

RWP
il (r) = νil

∫ κi

κi−1

dκRκl(r), (21)

where νil is the normalization coefficient. Then the wave-
packet based on two-electron helium wave functions is
written as

ψWP
α (r1, r2) =φ

He+

1s (r2)R
WP
nαlα(r1)Ylαmα(r̂1)

+ φHe+

1s (r1)R
WP
nαlα(r2)Ylαmα(r̂2). (22)

From the normalization condition

〈ψWP
α |ψWP

α 〉 = 1, (23)

one finds that

νnαlα =
[
2
(
〈RWP

nαlα |R
WP
nαlα〉+ δlα0δmα0〈RWP

nαlα |R
He+

1s 〉
)]−1/2

.

(24)

For atomic hydrogen, these normalization coefficients
were directly related to the width of the ith bin [12].
In addition, condition (20) ensures the orthogonality of
the wave-packet pseudostates,

〈ψWP
α |ψWP

α 〉 = δα′α. (25)

Nc wave-packet pseudostates representing the [0, Emax]
region of the active electron continuum, together with Nb

bound states, form a practically complete set of pseudo-
states for a particular angular momentum l, provided
Nc and Nb are sufficiently large. Including other an-
gular momenta, the total number of channels becomes
N =

∑lmax

l=0 (2l + 1)(Nb − l + Nc), where lmax is the
maximum allowed angular momentum. The number of
negative- and positive-energy states is increased until ad-
equate convergence is achieved in the predicted cross sec-
tions that we are interested in.

B. Scattering amplitudes

The full scattering amplitude can be calculated from
the scattering wave function Ψ+

i according to [38, 39]

Tfi(qf , qi) = 〈Φ−
f |
←−
H − E|Ψ+

i 〉, (26)
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bound states, form a practically complete set of pseudo-
states for a particular angular momentum l, provided
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gular momenta, the total number of channels becomes
N =

∑lmax

l=0 (2l + 1)(Nb − l + Nc), where lmax is the
maximum allowed angular momentum. The number of
negative- and positive-energy states is increased until ad-
equate convergence is achieved in the predicted cross sec-
tions that we are interested in.

B. Scattering amplitudes

The full scattering amplitude can be calculated from
the scattering wave function Ψ+

i according to [38, 39]
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f |
←−
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 Again, energies can  be chosen arbitrarily.   
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Conclusions and future directions 
q  Developed 2-centre CCC approach ion scattering including ECC 

•  QM-CCC 
•  SC-CCC 
•  WP-CCC 

o  Fully differential breakup calculations of p + H 
o  Single ionisation of helium in p + He 
o  Multiply-charged ion collisions with hydrogen: He2+, Li3+ and Be4+ 
o  We can provide  

•  fully nlm-resolved cross sections for excitation and electron capture 
o  data for any initial state H(nml)  
o  Currently working on: 

•  multicore treatment of He, 2-electron processes etc 
•  inclusion of electron capture channels into p-He problem 
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